kixercises: Simple Linear Regression

Valentina Zangirolami - valentina.zangirolami@unimib.it

November, 2023
(Referring to the theoretical parts: 1, 2,3,6)

1 Mother and Daughter heights data

o
Let consider a sample of data with n = 11 observations (Table 1) with two variables:
* mother’s height z (independent variable)

I

 daughter’s height y (dependent variable).

Table 1: Mother and Daughter heights data: data are expressed in centimeters.

1 2 3 4 5 6 7 8 9 10 11

r 153.7 156.7 1735 157.0 161.8 140.7 179.8 150.9 154.4 162.3 166.6
y 1631 159.5 1694 158.0 164.3 150.0 170.3 1589 161.5 160.8 160.6

We would like to find out if there exists a relationship between these two variables.

Exercise 1.1

Starting from the data (in Table 1), write the equation of the simple linear regression

model. Compute Z, 7, >, 7y, >, 2? and, then, find the estimates of the linear
model parameters.
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Exercise 1.2
Given the results of the previous exercise, compute the fitted values for each ;. Make a

plot involving the observations of the couple (y, ) and the estimated regression line.
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Exercise 1.3
Compute the residuals (e;) and the unbiased estimate (s%) of the variance ¢2. Then, find

the estimates of the variances of Bl and Bz- (You can also use the notation of the notes

part 6: Y o el =...)
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Exercise 1.4 .

Compute the total sum of squares (SST), the residual sum of squares (SSE) and the
regression sum of squares (SSR). Then, find the coefficient of determination R2. Compute
the correlation coefficient r,, and its squared. What happens in this case?
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Exercises: Gaussian Simple Linear Regression Part I

Valentina Zangirolami - valentina.zangirolami@unimib.it

November, 2023

(Referring to the theoretical parts: 4, 5,6, 7)

(The results obtained in the previous practical part - simple linear regression - can be
useful)

1 Mother and Daughter heights data

Let consider a sample of data with n = 11 observations (Table 1) with two variables:
 mother’s height z (independent variable)

)

« daughter’s height y (dependent variable).

Table 1: Mother and Daughter heights data: data are expressed in centimeters.

1 2 3 4 5 6 7 8 9 10 11

r 1537 156.7 173.5 157.0 161.8 140.7 179.8 1509 1544 162.3 166.6
y 163.1 159.5 169.4 158.0 164.3 150.0 170.3 158.9 161.5 160.8 160.6

We would like to find out if there exists a relationship between these two variables.

Exercise 1.5

Starting from the data (in Table 1), write the equation of the gaussian simple linear
regression model together with the associated assumptions. Explain the difference from
simple linear regression (make a comparison between the assumptions of ex. 1.1 and this
case).
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Exercise 1.6
Let consider the following system of hypothesis

HO: ﬁzZ 1
HI: ,62#1

Compute the t-test and the p-value (use the t-table that you can find below).

t Table

cum. prob tso tas tao tes tso s t oz tog t gas t 909 t 5505
one-tail 0.50 0.25 0.20 0.15 0.10 0.05 0.025 0.01  0.005 0.001 0.0005[
two-tails 1.00 0.50 0.40 0.30 0.20 0.10 0.05 0.02 0.01 0.002 0.001

df
1| 0000 1000 1376 1963 3078 6314 1271 3182 6366 31831 536.62
2l 0000 0816 1061 1.386 1886 2920 4303 6965 9925 22327 31599
3l 0000 0765 0978 1250 1638 2353 3182 4541 5841 10215 12924
4l 0000 0741 0941 1190 1533 2132 2776 3747 4604 1173 8610
5| 0000 0727 0920 1156 1476 2015 2571 3365 4032 5893  6.869
6 0000 0718 0906 1134 1440 1943  oa7 33 a7 sos 5950
71 0000 0711 089 1119 1415 1895 2365 2998 3499 4785 5408
8 0000 0706 0889 1108 1397 1860 2306 2896 3355 4501 5041
ol pooo D703 0883 1100 1383 1833 2065 sev1 . ap 4007 478%

106 0000 o700 0879 1093 1312 18P 2708 26k 1185 AL A5y
1 0.000 0.697 0.876 1.088 1.363 1.786 2.201 2.718 3.106 4.025 4.437
12| 0000 0695 0873 1.083 135 1782 2179 2681 3055 3930 4318
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Exercise 1.7
Let consider the following system of hypothesis

HO: R2 =0

H1: R? >0
Compute the F-test and the p-value (you can find the F-table here https://faculty.
washington.edu/heagerty/Books/Biostatistics/TABLES/F—Tables/). In this case,

does an equivalent test exists? Specify the hypothesis, the test statistic and compute the
p-value.
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Exercise 1.8

Provide the confidence intervals for f,, r = 1,2 at level 1 — a — 0.95.
A confidence imtetol foe P com be obtoumed by _
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Exercise 1.9

During the theoretical lectures, you exploited the relationship between R? and the t-test

to prove the equivalence among two statistical tests in the case of simple linear regression.

Provide the formula and verify that it holds with the data. (In the exercise 1.4, you have

already computed the R? and the components of itidecomiposivions) deamne dE‘QOmeﬁﬂ‘r\T\Ou)
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Exercises: Simple Gaussian Linear Regression Part 11

Valentina Zangirolami - valentina.zangirolamiGunimib. it

November, 2023

(Thanks to Dr.

Roberto Ascari for providing these exercises)
(Referring to the theoretical parts: 4, 5, 6, 7)

2 Computer repair data

A computer repair company is interested in knowing the re
tion of interventions (measured in minutes)
be replaced or repaired. Therefore. a simple linear regression model was considered to
explain the duration in minutes of interventions
(r) to be replaced.

lationship between the dura-

and the number of electronic components to

(y) as a function of the number of units

A sample of 14 interventions provided the following data: 4 = 95.768. # = 6 }:If, (w —

) = 31108.357, and Z":l(.r.» — 2)? = 114. The model provides a coefficient of determn-
nation R? = 0.984.

Exercise 2.1

Starting from the data, compute the maximum likelihood estimates of 5; and 3. Then
write the equation of the estimated linear regression model.
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Exercise 2.2
Find the estimate for the variance

Through a valid test, verify the good
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Exercise 2.3
Given the standard errors ('ﬂi) of the estimators Ay and 3y, which correspond to

B e

\/ Var(4) = 4.014 and \/;}w(/‘i;) « 0,604, Through a valid test (at 5 % confidence
level), verify if the coeflicients and /4 are significant (yon can use the following t-table

for computing p-values).
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Exercise 2.4
Given the ex. 2.2, is there any statistical test in the exercise 2.3 that might be unneces-
sary?
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3 Bacteria mortality data
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(r). The outpm dalhmmmﬁmdyuahm.md:hmhﬂymu
the table below:

Table 1 Output of a linear regrossion

g

. Variable Coefficients S.E. T-value P.valoe

4 Constant 49.162 77 6 o AN
Exposure (r) -1946 s u®m -7.79

<0000

where n = 15, R? = 0.823 and & = 41.83.
Exercise 3.1
Complete the Table 1 writing the equations you should use.
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Exercise 3.2
Through a valid statistical test, evaluate the goodness of fit of the model.
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Exercise 3.3
Discuss about the hypothesis related 10 the model, looking the follwring residunl phot.
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~ where d.o.f. means degree of freedom.

Table 3: Output of a linear regression.

Variable Coefficients S.E. T-value P-value

Constant 2.7 45 485 0.82 o.udu2
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