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Assume that y1,. .., y200 are realizations of independent Gaussian random variables with variance
equal to 1 and and mean ) + B2 exp{z;} for i = 1,...,120, and mean 31 + B3 exp{z?} for
i =121,...,200; where the z; are known constants and (81, f2, f3) are unknown real parameters.

a) Are the assumptions of a Gaussian linear model satisfied in the above formulation? Moti-
vate the answer.

b) State the parameter space and sample space.

c) Express the model in matrix form: ¥ = X 3 + ¢, explicitly stating how Y, X, 3, and ¢ are
defined and their dimensions. Write the distribution of Y and €.

d) Obtain the expression of the matrix X7 X and the vector X Tg; state how these elements
should be used to obtain the maximum likelihood estimate é .

e) Write the distribution of the maximum likelihood estimator B.

f) Let e=y — X é be the vector of the residuals. State which of the following identities are
satisfied and motivate the answer:
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txerusE 2
Consider the following models, for i =1,...,n

1. Y, =1+ Bazio+ Bsloggzis + ﬂ4$22,4 +¢&; and g; ~ N(0,0?%) independent.

2. Y, = Pt Batiz +¢; and g; ~ N(0,0?) independent.
Bawin
i 1 i .
3. log(V;) = Patis + P log(@is) +¢; and &; ~ N(0,0?) independent.
Li,2

4. Y=/ xwﬁz exp{e;} and &; ~ N(0, 1) independent.

Answer the following questions:

a) For each model, indicate whether it is a linear regression model. If it is not, explain why
and whether it can be expressed in the form Y; = Bi2;1 + Bazio + -+~ + Bpwip + € by a
suitable transformation and write explicitly such transformation.

b) Consider model 4 appropriately transformed, denoting with Y™, x7,, (87, 35) and € the
transformed quantities. Express it in the matrix form Y™ = X*5" 4 ¢*, explicitly stating
Y™ (and its distribution), X*, %, and ¢*.

¢) Write the expression of the maximum likelihood estimator B " and its exact distribution.

d) Let e = yr = X" @ be the vector of the residuals. State which of the following identities
are satisfied and motivate the answer:
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EXeRUSE 3

Among n = 31 cherry trees, data about Volume, Diameter and Height of each tree were

collected.

3.4)

Specify an appropriate regression model for the response variable Volume and the related
assumptions. Propose a transformation for all variables by thinking about the geometric

relationship of our variables.
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Knowing that

96.572  3.139 —24.165 101.455
(XTX)'=| 3139 0849 —1.227 X"y = [263.056
—24.165 —1.227  6.310 439.896

Find the estimate for 3 and write the estimated model.
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-24.65 -1y (3 | | 439.9% 4.314
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- 66418
Y = X|2.0490| + €
r 4.3
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Knowing the maximum likelihood estimate 62 = 0.00598, find the unbiased estimate 5.

Then, calculate the estimated variance-covariance matrix of 3.
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A

Perform a statistical test to evaluate if the regression coefficient related to the Diameter
is significant. Specify the system of hypothesis, the test statistic and the p-value. Then,

perform another statistical test with the following null hypothesis HO : 85 = 33 = 0

B Np( B, et (7))

AL T .-
B):-S: (XX) = oaosszoz

(Resticted model SSE= 8.309).

&G 512 2.9 -24.14S)

0.849 -1.227

§3w

-

[ 0.639 0.029 -0 16 '1

0.0056H -0.o03

1-a 0.75 0.8 0.85 0.9 0.95 0.975  0.99 0.995
to2,,  0.6858 0.8583 1.0614 1.3212 1.7171 2.0739 2.5083 2.8188
ta3,  0.6853 0.8575 1.0603 1.3195 1.7139 2.0687 2.4999 2.8073
togp,  0.6848 0.8569 1.0593 1.3178 1.7109 2.0639 2.4922 2.7969
tos,  0.6844 0.8562 1.0584 1.3163 1.7081 2.0595 2.4851 2.7874
togp, 0.684  0.8557 1.0575 1.315  1.7056 2.0555 2.4786 2.7787
tar,  0.6837 0.8551 1.0567 1.3137 1.7033 2.0518 2.4727 2.7707
tog, 0.6834 0.8546 1.056  1.3125 1.7011 2.0484 2.4671 2.7633
ta9,, 0.683  0.8542 1.0553 1.3114

t30,, 0.6828 0.8538 1.0547 1.3104

0.041 |
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Among n=32 births, the following three variables were collected:
Weight: birth weight in grams of baby

o Smoking: Smoking status of mother (yes or no)

o (lest: length of gestation in weeks
Describe the equation of the multiple regression model specifying the nature of each

variable (without including the interaction term). Then, express the model in matrix

form: Y = X + ¢, explicitly stating Y, X, 3, and ¢ (and its distribution).
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4.1)

Knowing the following values

Weight™ = —2390 + 143 Gest  (Smoking = 0)
W@(y) = —2635 + 143 Gest (Smoking = 1)

What is the estimated value of the regression coefficient associated to the dummy vari-

able? Interpret the results and explain, theoretically, why the two equations are different.

We hove Hre '(OUowing relobion
A

A n
weiﬂkl'm = B+ B, GesT (di=o)

! (A)d,(\ah‘}‘(” - féﬁéQ +,i32 Gest  (bi<4)
I} B--23% ord B,-}43

A A
> BB - 23S D By - 26354200 = - 245

Weighdti = B + B, Gesti + By Sauouing,

exectd,
By weeping constant te time of eslohon, e weight ef o by bow Lrom o Amaying

Modher is Smollet +han 245 gromos thon @ bo':y bon —Qnovm Q- Vion- smoiing wucthes
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After adding an interaction term, we obtained the following estimated regression model
T/V/eig\ht = —2546.138 4 147.207 Gest + 71.574 Smoke — 8.178 Gest x Smoke

Provide the estimated regression model for each group (Smoke: yes or no) and interpret

the results.

(Swmouing = “No")  Weight; = - 2546.138+ 47.207 Gestc

(Srmowing = "yest ) Weighty = - 2546.138 +149. 203 Gestr + 21.57¢ - 3.133 Gest|

= - 2434 .544 +133.02%8 Geyt;



Consider the following table where for the two models M, (the restricted model, i.e. the

model which just involves Gest) and M, (corresponds to the model specified in the ex.

2.2) are expressed the residual sum of squares (SSE). Complete the table.
Model D.o.f. SSE
Resticted (M) 839951.03
Unconstrained (M) 384391.46

Further, perform a statistical test with the following system of hypothesis (where Smoking

has two classes: Y and N)

HO: pn = py

HL: py # py

Compute the test statistic and the p-value.

. (Ma)
0.). [Mg)

Do N-p, = 32-2 =30
b

n-p, =32-4 =28

Ho: My = . §339s1..03- 39439
_ M= My 1_.5:( 439].44) /2 i
Hi: U £ My (3%4391) / 32-4

K - IP((-‘MB > 16.53> x 0 = we nexedk Ho
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Now, we want just to test the regression coefficient related to the interaction. The SSE of
the model without the interaction is equal to 387069.83. Perform a valid test and discuss

about the results.

HD : B* =0 b SSEyoiven SsEiNfEE./(P\m" Ro im-)

H B‘f 0 € inree. /("-‘Pnolm-)
(387063.23 - 38433).6) /4.
39439 .6/ 23

= 0.20

0.01 0.02 0.05 0.1 0.15 0.2 0.3 0.325  0.35 0.4

fi2a;p 2004  6e-04 0.004 0.0161 0.0365 0.0656 0.1521 0.1802 0.2112 0.2824
f2,24;p 0.0101 0.0202 0.0514 0.1058 0.1636 0.2252 0.362  0.3996 0.4386 0.5219
fiosp 2004 6e-04  0.004  0.0161 0.0365 0.0656 0.1519 0.18 0.2109 0.2821
f2,25;p 0.0101 0.0202 0.0514 0.1058 0.1636 0.2251 0.3618 0.3993 0.4383 0.5214
fioep 2004 6e-04  0.004 0.0161 0.0365 0.0655 0.1518 0.1798 0.2107 0.2818
f2,26;p 0.0101 0.0202 0.0514 0.1058 0.1635 0.2251 0.3616 0.399  0.438  0.521

fiorp 2004 6e-04  0.004  0.0161 0.0365 0.0655 0.1517 0.1797 0.2106 0.2816
f20rp  0.0101 0.0202 0.0514 0.1058 0.1635 0.225  0.3614 0.3988 0.4377 0.5206
fiogp 2004 6e-04  0.004  0.0161 0.0364 0.0654 0.1516 0.179@ 0.2104 0.2813
f2,080p 0.0101 0.0202 0.0514 0.1058 0.1635 0.2249 0.3613 0.3986 0.4375 0.5203
fi2op 2e-04  6e-04  0.004 0.0161 0.0364 0.0654 0.1514 0.1794 0.2102 0.2811
f2,20,p 0.0101 0.0202 0.0514 0.1057 0.1634 0.2249 0.3611 0.3984 0.4372 0.5199
fiszop 2e-04  6e-04  0.004 0.0161 0.0364 0.0653 0.1513 0.1793 0.2101 0.2809
f2.30,, 0.0101 0.0202 0.0514 0.1057 0.1634 0.2248 0.3609 0.3982 0.437  0.5196

O(o':s: P ( {z(,Zi = O-'LO) X 0.(S = we don!t nesect fo
49

Let SSE = 3735789.2 be the Residual Sum of Squares of the model Y; = £ +¢;. Compute
R? and adjusted-R? related to M. Explain the difference.

Cortden Hesiowols oj Ko

Ho: Y=Badi+ € where 7% '“‘f L2 (49"

1=t

My i Yi = Bu+ B Guesti + Ba Smaxe; +B4Gms‘|'.x5wmwel+£
Wh% G"Z‘ l>l‘lem0(ﬂo(_5 g /{/‘f’
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